Abstract. We give a simple proof, in a general setting, that finitely presented modules are centrally stable.
Central stability
Denote by Z + the set of non-negative integers. For each n ∈ Z + , let [n] be the set {1, . . . , n} with n elements. The category FI is equivalent to its full subcategory I whose objects are [n] for all n ∈ Z + . In [2] , Church, Ellenberg, Farb, and Nagpal proved the following two results: Theorem 1.1. If V is a finitely generated FI-module over a commutative noetherian ring R, and W is a FI-submodule of V , then W is finitely generated. Theorem 1.2. If V is a finitely generated FI-module over a commutative noetherian ring R, then for all sufficiently large N , one has 
for any FI-module V .
As far as we are aware, no one seems to have pointed out that Theorem 1.2 actually follows easily from Theorem 1.1 by a simple lemma (proved in the same way as [3, Theorem 6.4.1]): Lemma 1.5. Let A be a (possibly non-unital) ring, and e an idempotent element of A. If M is an A-module such that there is an exact sequence
To deduce Theorem 1.2, let A be the category algebra [9, §2] of I over R, and e n ∈ A the identity endomorphism of [n] for each n ∈ Z + . Suppose V is a finitely generated FImodule. Then M := n∈Z + V ([n]) is a finitely generated A-module. By Theorem 1.1, for all sufficiently large N , one has an exact sequence (1.3) with e := e 0 + · · · + e N . It follows by Lemma 1.5 that Ae ⊗ eAe eM ∼ = M . Using Remark 1.4, we obtain (1.1).
Since the proof of Lemma 1.5 is very short, we reproduce it here for the convenience of the reader.
Proof of Lemma 1.5. Applying the right-exact functor Ae ⊗ eAe e(−) to (1.3), we obtain the first row in the following commuting diagram:
Both the rows in (1.4) are exact. Since the two leftmost vertical maps are isomorphisms, the rightmost vertical map is also an isomorphism. Remark 1.6. According to [2] , condition (1.1) is a reformulation of Putman's central stability condition [5, §1] . To see this, let P N −1,N,N +1 be the full subcategory of P N,N +1 consisting of all objects S such that N − 1 |S| N . As observed in [2, proof of Lemma 2.23], the inclusion functor P N −1,N,N +1 → P N,N +1 is cofinal [8, Tag 09WN] . Thus, for any FI-module V , one has
The left-hand side of (1.5) is easily seen to be isomorphic to the central stabilization [5, §1] of the map
Generalization
Let R be a commutative ring. Let A be a R-linear category, i.e. a category enriched over the category of R-modules. We set
There is a natural structure of a (possibly non-unital) R-algebra on A. For each n ∈ Ob(A), we denote by e n the identity endomorphism of n. A graded A-module is an A-module M such that M = n∈Ob(A) e n M . Let F be the set of all graded A-modules of the form Ae n 1 ⊕ · · · ⊕ Ae nr for some n 1 , . . . , n r ∈ Ob(A). A graded A-module M is finitely presented if there is an exact sequence Q → P → M → 0 with P, Q ∈ F .
For the rest of this section, we assume that Ob(A) = Z + and Hom A (m, n) = 0 if m > n. (In the terminology of [1] , A is a Z-algebra.) For any m n, let e m,n := e m + e m+1 + · · · + e n ∈ A.
Motivated by [2] , [5] , and [6] , we make the following definitions. 
e n M where e = e N −(d−1),N .
The following is the first main result of this paper:
(ii) Suppose M is a graded A-module such that e 0,N M is a finitely presented e 0,N Ae 0,Nmodule for each N ∈ Z + . If M is centrally stable, then M is finitely presented.
Proof. (i) Immediate from Lemma 1.5.
(ii) Let N be an integer such that Ae ⊗ eAe eM ∼ = M where e = e 0,N . There is an exact sequence eAe ⊕p ⊕ → eAe ⊕q → eM → 0 for some p, q ∈ Z + . Applying the functor Ae ⊗ eAe −, we obtain an exact sequence Ae ⊕p → Ae ⊕q → M → 0.
For any m ∈ Z + , let A(m, m) := End A (m); for any n m + 1, let
We define a R-linear category A with Ob( A) = Z + by Hom A (m, n) = A(m, n) if m n, and Hom A (m, n) = 0 if m > n. There is a natural R-linear functor from A to A which is the identity map on the set of objects. For any n m + 2, let I(m, n) be the kernel of the map
We say that the ideal of relations of A is generated in degrees d if, whenever n m + 2, the map A(m, n) → Hom A (m, n) is surjective, and whenever n m + d, one has
Our second main result is:
Theorem 2.5. Suppose the ideal of relations of A is generated in degrees d. If M is a finitely presented graded A-module, then M is d-step centrally stable.
To prove Theorem 2.5, we need the following lemma.
We have a natural map Φ : e n Af ⊗ f Af f M → e n Ae ⊗ eAe eM.
We shall construct a map Ψ inverse to Φ. First, define the maps
where µ and ν are the obvious maps defined using composition of morphisms, and θ is defined by θ(α ⊗ β ⊗ x) = α ⊗ βx. The map ν is surjective and its kernel is the image of µ. Using (2.2) and Hom A (m + 1, m + d) ⊂ f Af , we see that θµ = 0. Therefore, θ factors uniquely through ν to give a map
if α ∈ e n Ae m and x ∈ e m M, α ⊗ x if α ∈ e n Af and x ∈ f M, 0 otherwise .
It is plain that Ψ descends to a map
Ψ : e n Ae ⊗ eAe eM → Af ⊗ f Af f M, and Ψ is an inverse to Φ.
We can now prove Theorem 2.5.
Proof of Theorem 2.5. By Theorem 2.3, for all N sufficiently large, one has has an inverse defined by x → e n ⊗ x.
Sufficiency conditions
For the rest of this paper, we shall use the following notations. Let C be a small category such that Ob(C) = Z + and Hom C (m, n) = ∅ if m > n. Let R be a commutative ring. Let A be the R-linear category with Ob(A) = Z + and Hom A (m, n) the free R-module with basis Hom C (m, n) for each m, n ∈ Z + . Let A be the non-unital R-algebra defined by (2.1), i.e. A is the category algebra of C over R [9, §2]. Let d 2. We say that the ideal of relations of C is generated in degrees d if the ideal of relations of A is generated in degrees d. A C-module is, by definition, a graded A-module. We say that a C-module is finitely presented (respectively, centrally stable, d-step centrally stable) if it is finitely presented (respectively, centrally stable, d-step centrally stable) as a graded A-module. (i) The composition map Hom C (l, n) × Hom C (m, l) → Hom C (m, n) is surjective whenever m < l < n.
(ii) For every α 1 , α 2 ∈ Hom C (m + 1, n) and β 1 , β 2 ∈ Hom C (m, m + 1) satisfying
be the obvious maps defined by composition of morphisms. It is easy to see (and can be proved in the same way as [4, Lemma 6.1]) that I(m, n) is spanned over R by elements of the form
where
The element in (3.1) can be written as: (ii) By Proposition 3.2, the ideal of relations of C is generated in degrees d. Hence, we may apply Theorem 2.5.
It is plain that the category FI satisfies the conditions in Proposition 3.2 with d = 2. It is also easy to see that the conditions in Proposition 3.2 with d = 2 hold for many categories in [7] ; let us mention two examples:
op , where FS is the category whose set of objects is Z + and whose morphisms n → m are the surjective maps [n] → [m]; see [7, §8.1] .
• Let F be any field, and C = VI, the category whose set of objects is Z + and whose morphisms m → n are the injective linear maps F m → F n ; see [7, §8.3] .
Remark 3.4. When R is noetherian and F is finite, it was proved by Sam and Snowden in [7, §8] that finitely generated FS op -modules and finitely generated VI-modules are noetherian; hence, finitely generated FS op -modules and finitely generated VI-modules are 2-step centrally stable. The noetherian property and the central stability property of finitely generated VI-modules were also proved in [6] .
Remark 3.5. Corollary 3.3 holds even when the ring R is not commutative. The notion of C-modules can be defined as functors from C to the category of R-modules. (This is equivalent to the notion of graded A-modules when R is commutative; however, we prefer to give a more down-to-earth exposition using the category algebra A.) For any m n, let C m,n be the full subcategory of C with Ob(C m,n ) = {m, m + 1, . . . , n} and C m,∞ be the full subcategory of C with Ob(C m,∞ ) = {m, m + 1, . . .}. If M is a C-module, let M m,n be the restriction of M to C m,n , and let M m,∞ be the restriction of M to C m,∞ . Then M is said to be centrally stable if, for all N sufficiently large, M is the left Kan extension to C of M 0,N ; see [6, §1.3] . any finitely presented C-module is centrally stable. For any m N < n, let C m,N /n be the category whose objects are morphisms α : r → n for r ∈ Ob(C m,N ), and whose morphisms from α : r → n to α ′ : r ′ → n are the morphisms β : r → r ′ satisfying α = α ′ β. Suppose the conditions in Proposition 3.2 hold. Then for any n > N m + d, the natural functor C m+1,N /n → C m,N /n is cofinal [8, Tag 09WN] , and so one can prove in the same way as Theorem 2.5 that any finitely presented C-module is d-step centrally stable.
